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Extended Leveque problem is studied for linear velocity profiles, v,(z) = u + gz. The existing
analytic solution is reconsidered and shown to be inapplicable for the accurate calculation of
mean mass-transfer coefficients. A numerical solution is reported and its accuracy is checked
in detail. Simple but fairly accurate empirical formulas are suggested for the calculating of local
and mean mass-transfer coefficients.

Both the thermoanemometrical and electrodiffusion flow measurements are based
on the phenomenon of convective diffusion. There are, however, substantial dif-
ferences in their relationship to the corresponding mathematical theory. The calibra-
tion measurements for a given liquid under given temperature are unavoidable in the
thermoanemometry due to both geometrical imperfections of the sensing elements
and rather complex nature of their thermal interactions with the body of probe!.
On the contrary, the electrodiffusion measurements under the actual condition of
limiting diffusion current? allow to perform various absolute measurements — the
determination of the concentration ¢, or diffusivity D of certain depolarizers as well
as the measuring of the wall shear rate ¢ under given flow conditions — as the
electrodiffusion sensors can be manufactured with the necessary geometrical perfec-
tion of the surface®. The absolute nature of carefully performed electrodiffusion
measurements allowed to discover the anomalous flow behaviour of suspensions
and polymer solutions in an extremally thin “slip” layer close to a solid surface*>.
In this sense, the laboratory practice of electrodiffusion measurements is encouraging
also the development of the corresponding transport theories.

In the hydrodynamics of Newtonian liquids, the assumptions are commonly taken
of no slip at solid surfaces, homogeneity and isotropy of liquid even in an intimate
neighbourhood of the wall. Under these conditions, the velocity profile, at least
within the diffusion layer, is given by the relation v,(z) = qz. Then, also the integral
effect of convection is represented by a single kinematic parameter, the wall shear
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rate ¢q. The corresponding formulas for calculating g from electrodiffusion data

g = DL(%/B0)® = D™ 2L(#I|BonFcoQ)*, (1)
Bo' = [ exp(=s*[9)ds = I(})[3'3, (2

represent the well-known result® which has been first given by Leveque.

- In an analogous analytic way it is possible to solve slightly more general problem
of steady convective diffusion for the power-law velocity profile inside a diffusion
layer,

v(z) = az?, (3)

with the explicite result for the mean current density®:

9 2/(2+p) 1/Q2+p)
I _pis=2tr@+p) Di> . (4)
nFc,Q 1 +p I(j2+p) \LD

Unfortunately, this result cannot form a sufficiently general basis for the electro-
diffusion investigation of velocity profiles at wall because the kinematical assumption
(3) is unreal at the solid surface and outside of the slip layer as well. Both the experi-
mental* and theoretical’ evidences have shown that the velocity profile outside of
a narrow slip region under condition of constant shear stress can be represented
by the linear relation

v(z) =u + gz. (5)

Here, the apparent slip velocity u represents the anomalous wall effects taking place
within the slip region which is assumed to be thin enough as compared with the dif-
fusion thickness. The shear rate g represents the regular flow patterns outside of the
slip region under conditions of constant shear stress in the bulk of a homogeneous
liquid which can exhibit non-Newtonian flow behaviour.

The corresponding problem of convective diffusion has been treated by using
standard analytic methods® and, at least in the chemical engineering literature’, it
is considered to be succesfully solved. It is the purpose of the present paper to develop
working formulas analogous to Eqs (I), (4), for this problem. First, the analytic
solution® is reconsidered and shown to be of a little interest for treating experimental
data on mass-transfer coefficient. Further, the numerical solution is presented with
a high accuracy guaranteed. As a result, the simple working formulas, Eqs (41) to
(44), are given.
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THEORETICAL

Problem Statement, Analytic Solution
Starting formulation comprises the equation of steady convective diffusion for the
concentration field ¢ = c(z, x) of a depolarizer,

DoZe — (u + qz) 0,c =0, (6)

the condition of a limiting diffusion current, i.e. of the total depletion of the de-
polarizer at the electrode surface,

c=0; for z=0, (7)
and the condition of the fresh solution in the bulk of liquid, i.e. outside of the dif-
fusion layer,

c—>cg; for z—>o00. (8)

By introducing the normalized variables, as defined in the List of symbols, the fol-
lowing boundary-value parabolic two-dimensional problem is obtained:

05,C* — (1 + Z),C* =0,
C*=0; for Z=0,

C*>1: for X=0,Z>0, (9)

C¥>1:; for Z- .

The most important part of the solution is represented by the local and mean mass-
-transfer coefficients or the corresponding diffusion thicknesses. In the dimensionless
form, they are given through the normalized concentration field:

H™' [§ K(X)dX,
1/R(H). (10)

K(X) = 0,C*;-0. K(H)
B(X) = 1/K(X),  B(H)

The problem so stated has been treated in the work® by using the Laplace trans-
form, expanding the image of K(X) into series and inverting them term-by-term.
Unfortunately, after giving rather general framework, the authors® presented only
the first two terms in the resulting expansions for local mass-transfer coefficients.
Their approach has been completely realized in an unpublished research report®,
with the following results.
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The low-X series expansion (X — 0) can be written in the form of partial sums,

N . i+ 1
K(X) =~ Kin(X) = Y a, X" V3r (—2——) (11)
i=0
where
a0=1, ai=l‘i-—ZSjai_j,
j=1

ro =1, rfri.y = —(6 + 1)(6j — 7)[48;, (12)
so =1, sjfs;01 = —(6j — 1)(6j — 5)/48; .
In particular, for X — 0:
K(X) magX 'V + oy + 0, X2 + 03X + ..., (13)
with

_ =12 _ _ 5 _
g =T 2, o0 =%, = —t, 3=

o=
Biv

and, in general, o; = a;/I'(i + 1/2).

The high-X series expansion can be expressed by using an analogous sequential
algorithm: '

N o
K() =~ Kun(X) = 500X~ 2201 (F7)) (14)
i=0
where

o =3"r@)IrQ),

i
by =0, b =ri_zsjbi—j’
i=1

1 1
ro=o, =0, ry=——, -1, 15
0 1 20 / J j(j _ 2) ( )
so = 1 N [e) s, =0 5/ - 1
0 — s 1= = 1 2 = ] 3 = T
37 j(_] _ 1)
In particular, for X — oo:
Ku(X) ~ BoX ™13 + B X723 4+ BX 7% + B X757 4 (16)

with
Bo = 3'3|I'(}) = 0538366,
By = o?[T(}) = 0198383,

Collect, Czech, Chem, Commun. {Vol. 54) (1989)



Convective Diffusion under Partial Slip at Wall 971

s =(=16> + 1) B, = —0-009709,
Bs = (—%0> + {%5) By = 0-003866,
and, in general, §; = b;/T'((2 -~ i)/3).
By applying the formal term-by-term integration of the series (14), in accordance

with the definition (10), the following expressions can be obtained for the mean
mass-transfer coefficients:

= = y G-1yz i+ 3

R(H) ~ Run(H) = ¥ a,HO™T (T) : (17)
for X — 0, and ~

_ _ N 5~ i

K(H) ~ Ra(H) = ¥ b,H™ D)1 (T) : (18)

for X — oo. It should be noticed that only the first two terms can be correctly applied
in the series (18),

Ku(H) = 3BoH™? 4+ 38, H*/3, (19)

as the formal integration of a power-function, f(X) = X, with the lower limit X = 0
is obviously incorrect for p < —1.

The first 500 coefficients «;, f; have been computed and the following result was
found in an empirical way:

lim |ofio; | = oo, lim |B;[if;_s| = o . (20)
This indicates the asymptotic nature of all the series (11), (14), (17), (18) which there-
fore must necessarily be divergent for any finite value of the argument X. For a prac-
tical calculation of mass-transfer coefficients it means that only certain estimates
can be made by using these expansions.

A few sample-calculations are given in Fig. 1 which show the divergency of the
partial sums for mass-transfer coefficients. The way of optimizing of the upper and
lower estimates is also shown there. The resulting optimized estimates of K and K
are plotted in the Figs 2 and 3. For a better distinguishing over rather broad region
of X and H, the estimates of mass-transfer coefficients are normalized there by using
the first terms of the corresponding low-X expansions,

Kio(X) = (nX)"Y2, Ryo(H) = 2(nH) /2. (21)

The uncertainty of these estimates is about 2% for local and more than 59 for
mean mass-transfer coefficients. The corresponding quantitative information must
therefore be found in another way, e.g. by applying finite-difference methods.
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Numerical Solution

An acceptable accuracy can be guaranteed at solving a boundary-value problem by
finite-difference methods only if the actual formulation to the problem includes no
singularity. The extended Leveque problem exhibits a weak singularity in the corner

s o e e e e e

i

T,

Fig. 1

Divergency of partial sums representing local
and mean mass-transfer coefficients; 1
H = 0-2, mean, low-H asymptote, Eq. (I7);
2 X = 0-2, local, high-X asymptote, Eq. (14);
3 H = 0-2, mean, high-H asymptote, Eq.
(18); the arrows show the optimized lower
and upper estimates

KR

K/

F1G. 2

Local mass-transfer coefficients; E exact
numerical solution; HO Leveque solution,
i.e. the single term in high-X expansion;
HU, HL upper and lower estimates by high-X
expansion; HU, HL upper and lower esti-
mates by high-X expansion; LU, LL upper
and lower estimates by low-X expansion

FiG. 3

Mean mass-transfer coefficients. The meaning
of symbols is same as in Fig. 3. The estimate
HL is identical with the single-term asymp-
tote HO
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(z, X) = (0, 0). This can be removed by using any “‘similarity” transformation of the
type
Clw,b) = C*Z,X), w=Z[b, b=b(X), (22)

where b(X) ~ X'/? for X — 0.
A special choice has been made of the normalizing function b(X) by defining it
implicitly, as the positive root of the cubic equation

(4b)? + (Bob)* = X . (23)

By applying this similarity transformation, the starting problem is modified into the
following form:

C" + A(l + bw) wC’ = A(1 + bw) b3,C, (24)
c(0,b) =0, (25)

C(we,b) =1, (26)

A =b.db/dX = 1/(20} + 3B3D). (27)

It can be easily seen that this formulation allows two asymptotic similarity solutions:
{5 exp(—s*/4ad)ds; for b0,
C= {

(28)

vexp(—s3/983)ds; for b — .
0 o

It can be expected that the dependence of the exact solution, C = C(w, b), on the
longitudinal coordinate b is rather weak even over the transient region of medium
values of b, i.e. that the field C(w, b) exhibits the similarity structure in an acceptable
approximation. This assumption has been implied tacitly, by using the symbol ’ for
the partial derivatives with respect to w, C' = 4,,C, etc.

In principle it should be set w® = co. However, it can be shown that the sufficient
accuracy of six valid digits for C'(0, b) is reached by choosing the value w™ = 4.
The choice w® = 4-2 was made in the present numerical analysis.

The normalized local diffusion thickness B and the corresponding mass-transfer
coefficient K can be now expressed in the following way,

B(X) = 1/K(X) = b(X)/G(X) , )
where G = G(X) stands for the wall gradient of the similarity concentration profile:
G(X) = C'(0, b(X)). (30)
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It follows from Eq. (28) that G(X) = 1 holds for the both asymptotes. This suggests
that the same equality could hold, within some approximation, over the whole
domain of X. Slight deviations of the difference G-1 from zero hence present the
main object for the following numerical study.

The Crank-Nicholson method!® of integrating parabolic differential equations
allows to compute the next concentration profile (at b’ = b + Ab) if a previous one
(at B'~! = b) is given. This method can be used with no modification in the consi-
dered case as the initial conditions are given by the asymptotical concentration
profile (28) for X — 0. By introducing the discrete representation of the concentration
field on rectangular two-dimensional mesh with given m, Ab:

Ci=Clw,b), wy=i.Aw, b =j.Ab, (31)
Aw =w®m, i=0,...m, j=0,1,...,

the following linear system of equations is obtained for C}, i = 1,..., m — 1:

i

Cl=[0+ Clyy + Cl  +SicCl,y — Cl_)]/2+ R) (32)
with

0 =Ciii+Cii+si7(dii - i) - (2-R).ci™t,

R; = ((Aw)*/Ab) (b 'Ti™! + bIT}), (33)

Si = HAw)?iT],

T} = (1 + biw;) A(bY).

The system of m — 1 linear equations is closed by the pair of boundary conditions
at w, = 0 and w, = w™:

=0, ClL=1. (39)

The wall gradient G was calculated in several ways. First, the common method has
been used of truncated Taylor series,

G = Gu(X(8) = 3. d¥C, )

=0

for M = 1, 2, 3, 4, with the coefficients d* given e.g. in the reference book!®. Further,
the formula

C'(0, b) = bA(B) [ {(1 + 3bw) (1 — C) — (1 + bw) 3,C} dw (36)

can be derived by integrating the original differential equation (24). By using the
Simpson rule for quadratures and the first difference for the derivative 8,C at b = b’
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Ab/2, the formula (36) results in another estimate of G = G(X) which will be marked
by the symbol Gg in the subsequent discussion.

Discussion of Accuracy

There are the three adjustable parameters, w*, m, Ab, which can effect the accuracy
of the numerical solution. It has been found in numerical experiments that the
accuracy does not depend on further increasing w® above w® = 4-2 or on further
diminishing Ab below Ab = 0-02. These values have therefore been used in all the
numerical calculations referred to in the following text.

The choice of an appropriate number of mesh points, m, has shown to be a delicate
problem. The values about m = 40 represent a minimum necessary to reaching
a meaningful result. On the other hand, the number of mesh points above m = 500
resulted in unacceptably long computational times. The dependency of the resulting
estimates of G on the number of mesh points is shown in Table 1.

Some conclusions can be drawn from these results. First, G, is rather independent
of thinning of the mesh and therefore it can be taken as the best of the estimates at
hand. Second, the difference (G, — Gg) seems to be the most sensitive criterion of the
accuracy reached. Third, the differences between the G, estimates for m = 200 and
m = 400 are negligible as compared to the desired accuracy of 5 to 6 valid digits.
In result, the G, estimate of G in the region X < 50 is believen to be an appropriate
representation of exact solution with the said accuracy. Nevertheless, the accuracy
of the G, estimates at higher values of X remains uncertain as the difference (G, — Gy)
is still remarkable there.

Fortunately, there is another way of checking the accuracy because the analytic
asymptotes to the exact solution are known. The normalized concentration gradient
G can be expressed from the definition (29) as the product

G(X) = K(X) b(X) (37

of the two functions which both have the known asymptotic representations. In
particular, b(X) can be expressed from its definition by Eq. (23):

~ { (XY2]a0) {1 — 3(Bofoo)® X17* + §(Bofato)® X + ...} (39)
(X272[B5) {1 — 4(oofBo)* X */* + Hao[Bo)* X2 + ...},

and the asymptotic expansions for K(X) are given in Eqs (13), (16). By substituting
these expressions into Eq. (37), the following final asymptotic representations are
obtained for X — 0:

G.or1+fiX"?2+f,X+ ..., (39q)
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and for X — oo:

with

Gyr1+g X3 4g, X3+ ..., (39b)

f1 = agfag ~ (Bofag)® = 0-008676,
f2 = O‘2/"‘0 - %(Oﬁ/ao) (ﬂo/ao)3 + é(ﬂo/“o)s = —0-033164,

g, = ﬂL/ﬂo - %(“o/ﬂo)z = 0002410,
g2 = 0 — 3(B1/Bo) (#o/Bo)* + H(0/Bo)* = —0-000883 .

The final comparison of the various estimates of G is shown in Fig. 4. The numerical
data G, = G,(X) for m = 400 merge into the both analytic asymptotes (394, b) with

an accuracy

TABLE I

of 5 to 6 valid digits. An empiric formula has been found for representing

Effect of mesh dividing on the accuracy of results. e, = (G, — D)* 100%, for a=1,2,3,4, S

m b X e e, es ey eg
50 01 0003 —0-14 0-38 0-04 0-03 —025
02 0-014 —0-10 0-38 0-06 005 —024
05 0099 —005 0-37 0-08 008 —024
1-4 1-052  —0-01 0-29 0-05 007 —0-31
35 10-59 —003 017  —002 0602 —042
100 01 06-:003 —0-01 0-13 0-04 0604 —0-03
02 0-014 0-02 015 0-07 - 007 0-01
05 0-099 0-07 018 0-10 0-10 0-02
1-4 1-052 0-09 0-16 011 0-11 0-02
35 10-:59 0-06 0-10 0:06 0-07 —0:04
200 01 0-003 0-03 0-06 0:04 0-04 0-03
02 0014 0-06 0-09 0-07 0-07 0-05
05 0-099 010 013 0-11 011 0-10
1-4 1-052 0-11 013 012 012 0-10
35 10-59 0-08 0-09 0-08 0-08 0-05
72 74-74 0-05 0-05 0-05 0-05 0-02
400 01 0-003 0-04 0-05 0-04 0-04 0-04
02 0-014 0-07 0-08 0-07 0-07 0-07
05 0-099 0-11 0-11 0-11 0-11 0-11
1-4 1-052 012 012 012 0-12 0-12
35 10-59 0-08 0-09 0-08 0-08 0-08
72 74-74 0-05 0-05 0:05 0-05 0-04
10:0 187-9 0-04 0-04 0-04 0-04 0-03
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these numerical data,

Ge = 1+ £iXVP[[1 + ([0 X1P)0 (40)

which contains only the parameters f;, g, taken from the analytic solution to the
problem. This formula merges in the both asymptotes exactly and represents a sound
extrapolation of the numerical data for m — oo as well. There are reasons to believe
that the formula (40) guarantees the accuracy better than 0-01% in calculating
G(X) = C'(0, X).

Mean Diffusion Thickness

It should be noticed that the deviation of G-1 from zero does not exceed 0-001 and
therefore it can be neglected in experimental data treating. The assumptions G = 1
and B = b are equivalent each to other, see Egs (23), (29). They result in the implicite
formula for calculating the local mass-transfer coefficients K = K(X) or the local
diffusion thicknesses B = B(X),

(xoB)* + (BoB)® = X . - (41)

By integrating this equation in accordance with the definitions (10), the simple
working formula is obtained for mean diffusion thicknesses in the parametric form,

B(H)[By = [1 + (B3|ac) Bul/[2 + 3(Bos) Bu] » (42a)

where By; = B(H) is the root of a cubic equation,

("‘OBH)2 + (ﬂOBH)S =H. (42b)

Fi16. 4

Accuracy check on numerical solution; L1
low-X asymptote, N == 1; L2 low-X asymp-
tote, N == 2; H! high-X asymptote, N = I;
"H2 high-X asymptote, N=2; O mesh
Ab =002, m= 50, @ mesh Ab= 002,
m = 100; ® mesh Ab = 0-02, m = 200 and
= 400 00002

R D N N

000 oo 01 1 10 X 100
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An additional simplifying empiricism consists in approximate representation of the
function B = B(H) in a form analogous to Eq. (42b):

(209B)* + (38,B)* = H, (43)

which provides the values of B within an accuracy of 1%. This equation can be re-
written into the following dimensional form

DL[8* = u(200)* + q(3Bo)> 5 . (44)

With a known value of D, the pair of kinematic parameters u, g can be determined
by treating the data on mean diffusion thickness, 8, for a serie of geometrically similar
electrodes of different sizes L, under identical flow conditions, i.e. under the constant
shear stress at wall,

CONCLUSION

Instead of the existing analytic solution® which does not provide the desired quanti-
tative information, the numerical solution to the problem has been constructed, and
the resulting concentration gradient at wall is represented by the simple but accurate
empirical formula (40). The final result, as represented by Eq. (44), can be straight-
forwardly used for treating electrodiffusion data by common statistical methods.
This equation contains two numerical coefficients which have been given for the case
of rectangular (band) electrodes in the present paper.

For the more common, circular, shape of working electrodes, the corresponding
formula has the same general structure as Eq. (44), with the electrode radius R
instead of the length L and with different values of the numerical coefficients. This
can be derived by using the approach given in the recent work!!. Within an accep-
table accuracy, the Eq. (44) can be used with no change if the effective length L =
= 1-64R is introduced!!.

This work has been done during the stay of one of the authors (O. W.) at the University Dortmund,
F.R.G. The kind interest of Prof. U. Onken as well as the help of the staff of his department in using
the department computers are gratefully acknowledged.

LIST OF SYMBOLS

a; coefficients in asymptotic expansions for X — 0
A= bdbldX

b auxiliar longitudinal coordinate, Eqs (22), (23)
Ab mesh step in the longitudinal direction

B = 8q/u, normalized local diffusion thickness
B = dg/u, normalized mean diffusion thickness

b; coefficients in asymptotic expansions for X -
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Eqgs (13), (16)
r Euler’s gamma function
& = D[k, local diffusion thickness
8 = D[k = nFDcy[I, mean diffusion thickness
Q area of working electrode
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co depolarizer concentration in the bulk of solution
ez, x) concentration field of a depolarizer
C*(Z, X) = c(z, x)[cy, normalized concentration field
C(w, b) == C*(Z, X), similarity concentration profiles with the axial coordinate b
as a parameter
C’ gradient of the similarity concentration profile
Cij value of C in the mesh point (w;, bh
D diffusivity of depolarizer
nF the charge transferred on working electrode by the reaction of 1 mole
of a depolarizer
G(X) = C’(0, b(X)), similarity concentration gradient at wall
Gy estimate of G based on Taylor series and using M inner mesh points, i=1,..., M
Gy estimate of G based on the macroscopical balance (36)
G, Gy asymptotic estimates of G for X — 0 and X — <0, resp.
Gg empiric representation of exact G, Eq. (40)
fi 9; coefficients in asymptotic representations of G
H= LDqZ/u dimensionless electrode length
I limiting diffusion current
i,j non-negative indexes (0, 1, 2,...)
k = Dd,c|,.o/cg, local mass-transfer coefficient
k=1"1 j'{)‘ k dx, mean mass-transfer coefficient
K= ku/gD
K = ku/qD
K}, Ky asymptotic representations of K for X — 0, X — o0, resp.
Ki, Ky asymptotic representations of K for X — 0, X — o, resp.
K ny Ky ?LN, Ky~ — partial sums truncated after N'® term
Ko = (®X)~
Ko = 2mH)™1/?
L length of a band working electrode
L length of a band working electrode in the direction of flow
m number of mesh points on the w — coordinate
N number of terms in truncated series, see Eqs (/1), ({14), (17), (I18)
q shear rate at wall, see also Eq. (9)
R radius of a circular working electrode
u slip velocity, see also Eq. (5)
v.(2) profile of longitudinal velocities
w = Z/b(X), similarity argument .
Aw mesh step in the similarity argument
w® actual infinity in the numerical solution
x longitudinal coordinate, distance from the forward edge of the working electrode
X = xDg*|u®
z perpendicular coordinate, distance from the surface of the working electrode
Z == zqlu
o;, B coefficients in the resulting asymptotxc representations of mass transfer coefficients,
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